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The reduced properties and applications of Yangian Y{sl{2)) and F(sit(3)) algebras are discussed. 
By taking a special constraint, the representation of F(sit(3)) can be divided into three 3x3 blocks 
diagonal based on Gell-mann matrices. The reduced Yangian F(sZ(2)) and y(s«(3)) are applied to 
the bi-qubit system and the mixed light pseudoscalar meson state respectively, and are both able 
to make the final states disentangled after acting on the initial state by the transition operator, 
composed of the generators of Yangian. 
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INTRODUCTION 



Quantum entanglement, as the nonlocal correla- 
tion among different quantum systems, is of cru- 
cial importance in quantum computation[l[, quan- 
tum teleportationQ, dense codingQ and quantum 
key distribution [3]. However, in real systems, the de- 
terioration of the coherence or even the decoherence 
and disentanglement due to the interaction with an 
environment, which is recognized as a main obsta- 
cle to realize quantum computing Q and quantum in- 
formation processing (QIP)[6.], have to be taken into 
account in the research in the field of quantum in- 
formation. Earlier studies had indicated that entan- 
glement decays exponentially 0-13 until T. Yu sug- 
gested that entanglement decays completely in finite 
time and called for concerted effect to research entan- 
glement sudden deathfl^ for example, different sys- 
tems are considered 111- 13 1, realization in experiment 



is given [1^ and [15| provides theoretical guidance to 



practical application of controlling entanglement. 

In the last decades, Yangian associated with sim- 
ple Lie algebras have been systematically studied in 
both mathematics and physics and have many appli- 
cations through spin operators and quantum fields 
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There has been a remarkable success in 
studying the long-ranged interaction models by means 
of various approaches [22]-[3lj in which the Haldane- 
Shastry model was regarded as the representative of 
the spin chain su{n) with long-range interaction 26]- 
28|. Recently, Yangian Y{su{Z)) algebra has been 
demonstrated to be able to realize the hadronic de- 
cay channels of light pseudoscalar mesons and pre- 
dict the unknown particle X in the decay channel 



TT^TT^XlS^I- Moreover, the influence of transi- 
tion operators composed of the generators of Yangian 
Y{sl{2)) and Y{su{?>)) on the entanglement degrees 
of two-qubit system and the mixed light pseudoscalar 
meson states are discussed respectively 3j, 34 1 . 

In this letter, we will follow the similar method 
in [sl], where the block-diagonal form of Yangian 
Y{sl{2)) algebra is given by taking a special con- 
straint, to make the Y{su{'i)) algebra reduced. And 
also, an example is presented to compare the effect of 
the transition operators of the general Yangian alge- 
bras with reduced ones on the entanglement degrees. 
Results show that the generators of the reduced Yan- 
gian algebras can make the final states disentangled 
while the general ones can't under the same condition. 



II. THE REDUCED Y{sl(2)) ALGEBRA IN 
THE BI-QUBIT SYSTEM 

A. The Reduced ^(5^(2)) Algebra 

The Yangian Y{sl{2)) is generated by the genera- 
tors {la, Ja\ with the commutation relation 36[: 



where the {la} form a simple Lie algebra sl{2) char- 
acterized by Cafj-y and 



[J±, [J3, J±]] = —I±{J±h - /± J3), 

where h is the deformation parameter and the nota- 
tions I± = /izbi/2 and J± — Ji±iJ2. 

Now let us consider a bi-spin system, in this case 
the Y{sl{2)) generators take the form ofjs^l 



S=Si 



(1) 
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Si 



lA 



IJ, + V 



S1XS2, (2) 
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where Si, S2 are the spin-i operators and /i, 1/ and 
A are arbitrary parameters. In this case / is the total 
spin operator satisfying [/f,/]'] = ieabcIiSij,{i,j = 
1,2). 

Then direct calculation shows that 



.f = 



1 



and 



1 

[Ja,Jb] ^ ieQbc-^^^-p^h(Mi^+ y)/c 



(3) 



(4) 



With a special constraint relation ^] fiv — —jX^ , we 
can get — j, [Ja,Jb] — i^abcJc- Similarity trans- 
formations of the generators can be made by the use 
of the matrix r who takes the form of 









(5) 



After the similar transformations, the generators be- 
come 
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(6) 

where £_—v — ^A and <j are pauli matrices, {y } re- 
duce to Lie algebra and 4x4 matrix is essentially the 
4-dimension representation of sl{2) algebra, so it is 
marked as the reduced Y{sl{2)) algebra in this case. 



B. The Reduced Y{sl{2)) Algebra to the 
Entanglement degree of Bi-qubit System 

For an arbitrary two-qubit pure state |$ >= a|00 > 
-|-^|01 > +7IIO > +5\ll >, where a,/?, 7, and 5 are 
the normalized complex amplitudes, the concurrence 
(the entanglement of formation) C is given by [stI . [s^ 



C = 2\a5 - /37I and < C < 1. 



(7) 



For a maximally entangled states (MES) C = 1, we 
can of course construct another general state as the 
initial state 

|0) = i=[a(|OO) + |ll)) + /3(|Ol) + |lO))] (8) 



where \a\'^ + = 1. 

The concurrence C of the initial state is 

If the transition operator is 



(9) 



(10) 



which is composed of general Yangian Y{sl{2)) gener- 
ators, a is an arbitrary parameter. 
We will get the final state |0 ) 



V2 lJi + V ^1 + V 

The normalizing condition is 



/3|10>+a|ll)].(ll) 



2 r 2 
a [a 



(^„ A)2^(^^ A)2 
(/i -I- 



= 2. (12) 



The concurrence of the final state l^i ) is 

c^^^ r (13) 



If we add an restrictive condition fi = —v 



namely, it satisfies /it^ = — —. So that we can get the 
final state ) acted by reduced Yangian: 



I/) = ^aa|ll) 

The normalizing condition is 
a^a^ = 2. 



(14) 



(15) 



The concurrence of the final state |(^ ) is 

c; = 0. (16) 

Comparing Eq. p^ with Ea. dTB)) . it's easy to see 
that the reduced Yangian Y{sl{2)) can make the final 
state disentangled while the general one can't. 



III. THE REDUCED Y{su{S)) ALGEBRA IN 
THE MIXED LIGHT PSEUDOSCALAR 
MESON STATES 

A. The Reduced Y{su{3)) Algebra 

As is known that the subalgebra of Y{su{3)) is Lie 
algebra su(3) which we have been familiar with the 
su(3) symmetry for elementary particles [l^-ji^. For 
su(3) generators is defined by 



[F\F'']=ifabcF^ 



(17) 
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where a, b, c = 1, 2, ■ ■ ■, 8 and the structure constants 
fabc are antisymmetric for any two indices: 



/l23 — 1, 



V3 

J458 — J 678 — 



/l47 — /246 — /257 — /345 — ^/l56 — ^/367 — T^- 

(18) 

The 3-dimensional representation of su(3) is formed 
by the well-known Gell-Mann matrices, i.e., 



A°- = 2F'', {A'',a = l,2,---8} 



(19) 



which eight Hermitian traceless matrices are the ex- 
tension of Pauli matrices: 



A3 



A5 



A^ 



,0 



1 







°) 





0/ 








-1 














— i ' 























— i 


i 


. 



A2 = 



A^ 



A6 



-i 0^ 




.0 0. 

'0 1\ 



a 0/ 

'0 o\ 

1 

.0 1 0/ 



(20) 



A8 



V3 



'1 
1 
.0 



The antisymmetric structure constants possess the 
properties: 

1 



fijk = —Tr{[\,\j]\k), 
Tr{\i\j) = 25ij. 



(21) 
(22) 



According to the Jaccobi identity [Fi,[Fj,Fk\] 
cycle{i,j, k) = 0, we can get 



fijynfkmn ~t- fkimfjmn ~t- fjknifinin 0. 



(23) 



Using rr([Ai, Aj]{Afc, A„} -I- [Ai, Afc]{Aj, A„} -I- 
[Ai, A„]{Aj, Afc}) = 0, we have 

fijm^knra ^" fikm^jnm ^" finrn^jkra 0- (^^) 

There are two Casimir operators in Lie algebra sm(3): 
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Ci = ^ -F;^ - -— ^ fijkFiFjF, 



(25) 



ijk 



11. 



C2 = 5Z d,,kF,F,Fk = Ci(2Ci - ^). (26) 
Introducing the shift operators 



= F^±iF^, 

j3 ^ p3^ 



[/± = F^±iF'^, 



the commutation relations (jl7p can be rewritten in 
the form: 



[/8,/"] =0(« = ±,3) 

=-(/3 
[C/±,F±] = ±/T 

[/±,[/T]=0 
[^±,/T]=0. 



[/+,/-] =2/3, 
[i7+,C/-] = -/3 + 

[C/±,T/T] = o, 



3 t8 
2^ ' 



(28) 



With the notations 



= — /3 
2 



(29) 



we have 



[[/3,[/±] = ±[/±, 

[1/3, -l/±] = ±y±, 



[[/+,[/- 



2[/3, 

: 2^3. 



(30) 



Eqs. ^ show that {f/",a = ±,3} and {V'',a = 
±, 3} have the similar commutation relations as the 
isospin {/°,a = ±,3}. So, in general, U and V are 
called the [/-spin and IZ-spin. The charge operator Q 
is given by the isospin /3 and hypercharge Y as follows 



Q = I^ 



1, 



-Y. 



And it is easy to check that 

[C/",g]=0 (a = ±,3). 



(31) 



(32) 



But there is no the same property between /-spin and 
y-spin. 

For two particles , we define the operators of 
Y(sl(3)) as follows: 



r' = Y,F^^, 

i 



XfabcJ2uj,,F^F^' («,J = 1,2). 

(33) 



Here 



F = -^F* = /^ (y - hypercharg^^^^ 

(27) 



i>3 
i<j 



(34) 
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and /i, V, A are parameters or casimir operators. 
{F°-, a = 1, 2, • • • , 8} forra a local sm(3) on the i site, 
and they obey the commutation relation 

[F^.F^]^iU,5,,F^, (35) 

the index i here represents different sites. Substituting 
P3p into the Yangian commutation relations shown in 
the Eqs.(??) and (??), then we can verify the set {I, J} 
satisfy Y{sl{'i)) sufficiently. Eg. ([55)) plays an impor- 
tant role in explaining the physical meaning of the 
representation theory of Chari-Pressley [4l[ through 
more calculation [42] 

Introducing the notations 



If we introduce the notations 



P^^J'. (36) 



and from Eqs. and ([55)1 the Y{sl{3)) can be suf- 
ficiently realized by 



/± = 



z i 

i 'i 2 



2 ^' 



Using Ea. (|28)) . under the condition of /ii^ = — ^ we 
get 

[J+J-] = 2(m + i.)/3 
[/M"±]-±(/i + z.)/± 

[J»,C7±] =±(a* + i^)C7± 

[/S,y±]=T(M + '^)l^* 

= ±(Ai-l-i^)C/=F 



=0 

[J3,C7±]=T^(M + ^^)C/^ 
[J3,F±]=Ti(/^ + ^^)l^± 



2 



3p 
4 



^ -1/3 _ (39) 

2 4 ^ ^ 



then 

[i7+,c7- 



2(/l + ^^)C7^ [y+,t^~] 2(^ + 1/) ^3 



With the help of Eq.dS?]) and the condition of (??), 
direct calculation shows 



(Jl)2 + (j2)2 + (j3)2 + (j4)2^(j5)2 

+ (J6)2 + (J^)2 + (J«)2 

(J^^)2 + (J^")2 + (J^-^)2 + (jf/+)2 + 



It means that if we set 
1 



IJ. + 

in terms of the notations 



J", (a = 1,2, 



(40) 



(41) 



P = Y\ 
we have 



/8 ^ 

V3 ' 



(42) 



(Y)^ 



(43) 



In the following we get the commutation relations 





= 273 


[73,7«] = 


[7±,78] = 


[73, /±]: 


= ±7± 


[73,t/±] = 






= ±c/± 


[73,F±] = 




[7^^±] 


= T^± 


[[/+,[/-] = 


= 2[/3 




= ±fT 




= 21/3 


[f±,7±] 


= ±L^T 


[C/±,f±]: 


= ±7t 


[7±,c/±] 


= ±fT 


[^T,/±] = 




[7t,c/±] 


= 0, 






where ~ 


2-^ ' 


|78 and V' 


3 _ 1 f 3 

2-* 



(44) 



3 tS 
4^ ■ 



It is similar with the commutation relations of the 
/-spin, [/-spin, and V^-spin, namely the Equation (pS)) . 
_ _ _^ the discussion we have the result: a general real- 

[[/+, = (m + J^)(-^^ + 2i^i^ion of y(s'u(3)) is given by equations 

[[7±,F±] = ±(Ai + i^)7T V ' ' 

^ Q /i + ^ + z/ 2(/i + z/) ^ ^ 

(38) («,J = 1,2). (45) 
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\ 2 

Then if we take the condition ^1^=-^ and the fun- 
damental representation of local su(3) is held, they 
have the same commutation relations between the two 
generators of Yangian, namely Y{su(3)) algebra has 
reduced to two sets of su(3) algebras. 

In fact, the fundamental representation of local 
su{3) is given by 



/O 1 
/+ = 
Vo 

/O 0\ 

F+ = 

\1 0/ 

/I ^ 

Y = i 1 

\0 -2, 



and /- = (/+)+, U- = {U+)+, V- = {V+)+. 
By using Eqs.jSll), (EI) and (gS]), we get 



with E a unite matrix and its solutions are 












) "'^(1 







2^4,5 







0/ 





1 0' 
j3 ^ 1 I -1 




(46) 



I- = 



u+ = 



u- = 



v+ = 



+K1II2 + \v^u+)] 

+ltV+ - [II - \y,)U^ + V+I+]} 

^[V^-ili + lY2) 



^U+I+ ~ (If + -Y,)V^ - I+U+W 
A 



{flit + uli - -[I+I^ - -{U+U^ 



a;i=0, X2,3 = ±-^, 
1 



4 4(^ + j/j 

^8.9 = - 7 ± w i - 2^;/ + t/2 - A2(48) 

4 4(^ + t/) 



1 2 

Taking //j/ = — then we can get 



Xl,2,3 = 0, X4,5,6 = 2' 



2^7,8,9 



(49) 



If we take the similar matrix as 



A 



-V+Vi) - 1^1+ + -{u^u+ + v,-v+)]} 



/I 




























J/ 





A 
2 























V 











A 

2 











A 
2 





V 





























1 





























V 





A 
2 











A 
2 











V 























A 

2 





V 





\o 























1/ 



/» = 



11 + V 



A 



-yxy2)^7^{v^v^ -v^v^)\ (47) 



Setting X the eigenvalue of /'^, then \xE — /■^| = and its inverse matrix A ^ can be obtained easily, thus 
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we get 



\ 

= = /3 

\ /V 

\ 

V /V 

■ 

(/+)' = A-^i+A = 

V /+. 



0- 



A-^I-A 



A-^U+A 



A-^^U-A 



■a- I- \ 

a/- 

, /-/ 

/[/+ 

aU+ 

V a-^7^ 



■u- 

a-if/ 
, 




{V+)' ^A-^V+A 



/aV~ \ 

(F-)' = A-il/-A= 

\ a-iy^y 

(51) 

where a = v — ^. So in virtue of a similar trans- 
formation, we reduce the eight 9 by 9 matrix to the 
three 3 by 3 block diagonal. 

Taking the correspondence, 

f7+->aC/+, [/"^a^^C/", V+^aV+, F~->a~V" 

Eq. pi)) will get the same result, that is, the Yangian 
algebra we discussed hides a algebra. 



B. The Reduced Y{su{3)) Algebra to the 
entanglement degree of the mixed light 
pseudoscalar meson states 



The initial state is 



\(p) = ai\K^ 



a2\K 



(52) 



where ai and a2 are the normalized real amplitudes 
and they satisfy af+aj = 1. \k~^) = \us), \k~) = \su). 
The degree of entanglement of the initial state \(p) 

is 



If the transition operator is 



(54) 



which is composed of general Yangian generators. 
We will get the final state \(p ) 

-^[(a* + ;^)j72ai + (m + A)r/2a2 

+{H + iy)T]i{ai + Q!2)]|?7° ) 

+ -^[(^ + iy)r]2(^i + (m + A)772a2]|7r°) 

+ -^[2{^ + i^)77i(ai + 02) - (m + >^)V2ai 

-{^l + x)mc^2]\v°)■ (55) 

The normalizing condition is 

[{fj, + v)ri2ai + (^i + A)7;2a2]^ + (m + ^Yvii^^i + "2)^ = X56) 

The degree of entanglement of the final state |</3 ) is 

= -[{p. + v)iri2ai + {p. + \)ri20i2f Log^[{^i + v)ri2ai 
+(/.* + \)ri2a2f - {p + vYril{ai + 0^2)^ 
Log:i(p. + yYrjl{ai+a2f- (57) 



If we add an restrictive condition /i 



-V = I, 

namely, it satisfies fiv = So that we can get the 

final state \ip ) acted by reduced Yangian: 

I/) - ^Ar?2a2(-^|/) + -i=|7r°) - (58) 



The normalizing condition is 



\2 2 2 1 



(59) 



The degree of entanglement of the final state \(p ) 



IS 



(60) 



(53) 



We can obtain the same conclusion that the reduced 
Yan gian y(su(3)) can make the final state disentan- 
gled while the general one can't from Eg. ([57)1 and 
Eq.dini)- 



IV. CONCLUSION 

In this paper, we have discussed the reduced 
properties and applications of Yangian Y{sl{2)) and 
y(su(3)). As same as Y{sl{2)), Y{su{Z)) algebra has 
been reduced into two sets of sm(3) algebras, more- 
over the structure is the same as su{2) case, i.e. those 
formed by the generators Y of Yangian are all con- 
structed by the consequent generators of su(3). More- 
over, we have compared the influence of the transition 
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operators of general Yangian algebras with reduced 
ones on the entanglement degrees and found that the 
reduced ones can make the initial states disentangled 
while the general ones can not both for Y{sl{2)) and 
Y{su{3)). 

Now a question put forward: can we use this 

method to su(n)7 To our knowledge, this problem 
has not been discussed in this thesis. But we can sur- 
mise that for Y{su{n)) the matrices of the generators 
Y can be written as n pieces of n x n matrices, fur- 
thermore each pieces is formed by the consequently 
generators of su{n). Consequently, it is of interesting 



area how to generalize the idea in Y(su{n)), which 
makes the system contact with physical application. 
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